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Abstract

This article proves the ill-posedness of the Cauchy problem for the two-dimensional Keller—Segel
model in Triebel-Lizorkin spaces, F{ Lr (R?) for 2 < r < oco. In particular, it is shown that solutions
can develop norm inflation under certain settings in that the solution can become arbitrarily large
after an arbitrarily short time even for small initial data.
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1. Introduction

In this article, we study the ill-posedness of a well-known chemotaxis model in two dimensions,
the Keller—Segel model of the parabolic—parabolic type,

o — Au+ V- (uVv) =0 in Ry x R% (1.1)
Ov—Av—u=0 in Ry x R? (1.2)
(u,v)|t=0 = (uo,v0) in R?. (1.3)

Here, R, := (0,00), (t,7) € Ry x R? u = u(t,x) and v = v(t,z) are the scalar-valued density
of amoebae and the scalar-valued concentration of chemical attractant, respectively, while (ug, vg)
are the given initial data. The term chemotaxis refers to the attraction and movement of cellular
organisms such as amoebae or bacteria in response to chemical stimulation. The Keller—Segel model,
first introduced by Keller and Segel in [17], is perhaps the most common model for describing this
motion of cell migration through chemical attraction. For more details on the model and its physical
derivation, we refer the reader to [17] and the work of Childress and Percus in [8].
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When studying such nonlinear physical systems, there are several primary aspects of concern.
One aspect is on the basic property of local or global-in-time well-posedness of the problem. We
may ask if solutions exist in some sense, are they unique, and do they vary continuously upon small
perturbations of the initial data. A closely related and important aspect is on the finite-time blowup
of the solutions. Another related aspect concerns the setting in which the model is ill-posed. In
fact, the main objective of this article concerns the thorough analytical examination of this model
by identifying the proper functional space setting in terms of the Triebel-Lizorkin spaces in which
the Cauchy problem is ill-posed. More specifically, we examine the critical or dividing number
with respect to r for the well-posedness of solutions in the homogeneous Triebel-Lizorkin space,
F{l’r(RQ). Remarkably, for the two-dimensional Keller—Segel model, our main result suggests that
the critical number is r = 2. Here, by the critical number we mean that well-posedness holds for
r = 2, but the system is, in fact, ill-posed in F2_17T(R2) for 2 < r < co. Let us be more precise in
our description of the results in this paper. When we refer to the well-posedness (or ill-posedness)
for (1.1)—(1.3) in Triebel-Lizorkin spaces, we mean the well-posedness (or ill-posedness) of mild
solutions for initial data (ug,v) € Ey LT (R2) x F%*(R2). As a result of establishing this dichotomy
between well-posedness and ill-posedness, we find the critical setting in which the model remains
valid while gaining a deeper understanding of the setting in which the model fails to capture even
the most basic deterministic features.

To show the ill-posedness of system (1.1)—(1.3), we implement the novel framework of norm-
inflation pioneered by Bourgain and Pavlovié¢ [5] in their study of the ill-posedness of the Navier—
Stokes equation in the largest critical space B;ol’oo; but in doing so, we contribute new approaches
and ideas by adopting this technique in our examination of the Keller—Segel model.

1.1. Remarks on the Well-posedness and Finite-time Blow-up

We mention that the set of equations (1.1)—(1.2) is scale invariant since both equations,
0w — Au+V - (uVv) =0 and dv — Av —u =0,
are scale invariant under the transformations
(u(t, z),v(t, z)) = (AN2u(A’t, A\x),v(\%t, \z)) for all A > 0.

The idea of using a functional setting invariant by scaling is now classical and originates from
several works. For instance, for more on the global existence of mild solutions to system (1.1)—
(1.3) with initial data (ug,vo) € Hr 2"(R") x H*"(R") with max{1, T <r < g, see [19]; for
initial data (ug,vp) € LZ,/Z(R”)XBMO(]R") with n > 3, see [18]; and for initial data (ug,vp) €
Lz (R™) x H?*3a (R") with n > 3 and m < a < L see [20]. In [9], Deng and Li proved
the global-in-time existence and uniqueness for the Cauchy problem (1.1)-(1.3) with initial data
in L'(R?) x L>°(R?) and proved the existence and uniqueness of mild solutions for initial data
in H}(R?) x H'(R?). In addition to results on the existence and uniqueness of mild solutions in
scale invariant spaces, studies on the asymptotic behavior of solutions can be found in [16, 26],
and studies on stationary solutions can be found in [13, 22]. The reader is referred to [15] and
the references therein for results concerning the quasilinear degenerate Keller—Segel system. In
addition, the finite-time blowup of solutions has been studied for the simpler Keller—Segel model of
the parabolic-elliptic type (i.e. v; = 01in (1.2)) in [2, 3, 4, 14, 25]. For this system, it is known that
there is a critical threshold number for the initial density such that global-in-time well-posedness



holds for values below this threshold number and finite-time blowup occurs for values above this
threshold number. For the parabolic-parabolic type, analogous results on finite-time blowup have
remained relatively open, however, the critical mass threshold and global well-posedness have been
studied in [6, 24].

1.2. Basic Notions of Norm Inflation

Let us describe the general idea for showing ill-posedness via norm inflation, but first, let us
recall the definition of well-posedness. A Cauchy problem is said to be locally well-posed in Z if for
every initial data uy € Z there exists a time 7" = T'(up) > 0 such that

(1) a solution of the initial value problem exists in the time interval [0, 7],
(2) is unique in a certain Banach space of functions Y C C([0,T]; Z) or Y C Cw([0,T]; Z),

(3) the solution map from initial ug to solution u is continuous from Z to C([0,T);Z) or Cy([0,T];Z).

Furthermore, if T' can be taken arbitrarily large, we say that the Cauchy problem is globally well-
posed, and we say the Cauchy problem is ill-posed if it is not well-posed. By solutions to the Keller—
Segel model, we mean mild solutions to the equivalent system of integral equations as follows:

u = e"®ug — B(u,v), (1.4)

v = ey + L(u),

where

t t
B(u,v) ::/ " MAY . (uVu)dr and L(u) ::/ "2y dr, (1.6)
0 0
are the bilinear and linear terms, respectively. Our ill-posedness result shows that the third con-
dition (3) of continuity is violated by carefully constructing a particular class of arbitrarily small
initial data that produce arbitrarily large solutions in arbitrarily short time. In doing so, we
demonstrate that the culprit responsible for generating norm inflation lies in the bilinear term in
equation (1.4). Therefore, it is the density v in the Keller-Segel model which exhibits norm infla-
tion. Roughly speaking, the key steps to showing this norm inflation property is to first decompose
the integral system, especially the bilinear term, into several parts: one part stemming from the
bilinear term responsible for norm inflation and the remaining terms which can be controlled. The
a priori estimates for solutions of the Cauchy problem in F271’T:2 (R?%) x BMO(R?) is an important
ingredient in this step since they are exploited in order to control some of those remaining terms
in the decomposition. The F; 1’r>2(JR2)71r101rm of the solution w in arbitrary short time can then
be bounded from below by the norm inflation term and the controlled terms. Thus, this proves
the solution map for w is discontinuous at the initial time. We mention that the a priori estimates
established here shows the continuity of the bilinear and linear operators (1.6) and such bounds are
crucial in proving well-posedness results for the associated Cauchy problem. Naturally, this leads
one to seek well-posedness results for (1.1)-(1.3) with initial data in Fj "*(R2?) x BMO(R?), and

this can certainly be addressed more thoroughly in future investigations.

This manuscript is organized as follows. Section 2 recalls several preliminary definitions, results,
and tools from harmonic analysis employed throughout this paper. Then, the statement of our main
result is provided at the end of the section. Section 3 establishes the a priori estimates on the bilinear
and linear terms stemming from (1.1)—(1.3) with initial data (ug,v) € FQ_M(RQ) x BMO(R?).



Recall that such estimates in these function spaces will play a key role in establishing the ill-
posedness of the Keller—Segel model. Section 4 proves the main ill-posedness result by first outlining
the main steps in the proof. Nevertheless, for completeness sake and for the reader’s convenience,
the intermediate steps and preliminary estimates which complement the main steps are then given
in the form of several lemmas.

2. Preliminaries and the Main Result

The proof of the main result presented in this paper requires a dyadic Littlewood-Paley decom-
position. Let us briefly explain how it can be developed in R?, but the reader is referred to [1] for
further details. Let S(IR?) be the Schwartz class and ¢ (&) = ¢(|¢|) be a smooth function valued in
[0, 1] such that

supp ¢ C {§ € R%; 3/4 < [¢| < 8/3} and )Y p(277¢) =1, £ £0. (2.1)
JEZ

For f € S'(R?), the space of tempered distributions, we define the homogeneous dyadic block and
partial summation operator as follows:

Ajf(x) = F  (p2779)F(€))(x) and S;f(x) =Y Aif(z)forall j € Z.

i<j—1
Moreover, the Littlewood-Paley decomposition satisfies the following quasi-orthogonal properties:
NAF=0if[i—j] >2, Aj(Si—1fAig) =0if |i — 5| > 5. (2.2)
Using Bony’s decomposition, we can split the product of two functions f and g,
fg=Trg+Tyf + R(f,9), (2.3)

where Tyg = Zij,lfAjg, Tyf = Zij,lgAjf and R(f,g) = ijll:_lAijng. Particularly,
R(f,g) is the remainder, and Tyg and T, f are the paraproducts.

Let us define the Triebel-Lizorkin spaces and the related Besov spaces. The BMO(R?) space,
which is equivalent to F&Q (R?), plays an important role in this paper, so we provide an equivalent
definition for this space as well.

Definition 2.1. For (s,q,7) € R x (1,00) x [1,00], we define By (R?) to be the set of tempered
distributions f such that

11 g ey = M2 1A Fllzaqes ezl < o, (2.4)
and we define F;’T(R2) to be the set of tempered distributions f such that
1l s ey = 14272 P sezllelloqe) < . (2.5)

Furthermore, we define BMO(R?) to be the space of tempered distributions f such that

1
2
I fll Bmow2) = sup < / / Vel f(y |dtdy> < 0.
z€R2,r>0 ly—z|<r



Now we are ready to state our main result.

Theorem 2.2. For any 2 <1 < 0o and § >0, there exists a solution (u,v) to system (1.1)~(1.3)
with initial data (ug,vo) € F{l’T(RQ) x BMO(R?) satisfying

<9,

||U0”F2—LT(R2) lvoll Baro (R2) <9,

such that for some 0 < T < 9, ||u(T)||F2_1,T(R2) %, but |o(T N Brmom?) S 9

Remark 2.3. From this point on, we shall use C and c to denote universal constants which may
change from line to line. Both Ff and f denote the Fourier transform of f with respect to the
spatial variable, while F~1 denotes the inverse Fourier transform. We denote A< CB by A < B
and AS BS Aby A~ B.

3. A Priori Estimates

In this section, we first give several preliminary lemmas and obtain the bilinear and linear
estimates. In order to prove the bilinear and linear estimates below, we require the following result
on Carleson measures, cf. [21, Proposition 10.1].

Lemma 3.1. Let {3j(z)}; be a sequence of measurable functions on R?* defining a Carleson measure
on 7 x R2,

" Z /z |8;(x)|2dz < oo. (3.1)

xoeRQ 2ip>1 " [#=z0l<r

Let h(z) € L' so that (14|x|)3h(x) € L™ and h;(z) = 2% h(2/x). Then for any f € L?, there holds

/ SSIF* b8P < OfRs s 5 S / 18 () Pde, (3.2)

jEZ 2o€R2r>0 1" 5 Jp—zo|<r

where C' does not depend on f, h or {B;}jez.

Remark 3.2. From (2.1), if we denote the kernel of ¢(V) by h(z), then h(-) € L*(R?). The kernel
of (277V) is hj(z) = 2% h(2z) and (1+|-[)*h(-) € L®(R?); else if we let (&) = Y-, ¥(277¢),
then ¢ is compactly supported in {¢ € R?; [¢] < §}. If we denote F~!(¢(€)) by h(z) and 2%h(27z)
by hj(z), then it is easy to check that h(-) € L*(R?) and (1 +|-[)?h(-) € L>(R?). Moreover, since
each BMO(R?) function can be defined equivalently by a Carleson measure and each Carleson
measure defines a BM O(R?) function, we have that for any BMO(R?) function b, {A;b} ez satisfies
the above assumptions for {8;};ez. Consequently, we find that for any BMO(R?) function g and
L*(R?) function f,

1Tl 2m2y + 1 R(f, Oz w2y S I fl2m2) 9]l Baror2)- (3.3)

The definitions and remark above can be found in several books of harmonic analysis, including
those on pseudodifferential operators, see for instance [12, Chapter 8, Paraproducts| and other
relevant texts such as [7, 23].

The final lemma of this section establishes the bilinear and linear estimates.



Lemma 3.3. Let B(u,v) and L(u) be defined as in (1.6). Then we have the following estimates:
1) N1B(w, )l 20,ms2®2y) S Nl 20,2 ®2y) (10l oo (0,0 BMO®2)) + 1V V] L2 (0,7 BMO®R?))) 5
(1) 1B (w ) oo 0,755 2 m2y) S Nullz2omizz@)) (0]l 0,1:830@2)) + 1VVll20758M0(R2)));
(1il) [1L(w) || Lo (o,m;BMo®2)) + VLW 2200, 7,BMO®2)) S 1wl L2(0,7;02(R2)) -

Proof. First recall the definition of the bilinear operator B(u,v) and linear operator L(u),

t t
B(u,v) = / UTAY . (uVw) dr, L(u) = / et ydr.
0 0

Since the inner function uVv in the bilinear operator is in product form, we can use Bony’s decom-
position to express it as the sum of three parts,

uVv =T,Vv + R(u, Vv) + Ty,u. (3.4)
Since Riesz transforms are bounded in L?(R?), the energy method, (3.3) and Holder’s inequality
imply

t
H / DAY (T, Vo + R(u, Vo)) df‘ <N TuVo + R(u, Vo) 11 o2 (r2))
0

L2(0,T;L2(R2))

S lullzzor 2@ IVUll 20,7 B0 ®R2)) - (3:5)

It remains to bound the last part, f (t=7)AY . (Ty,u)dr. By the maximal regularity for the heat
kernel (cf. [21, Theorem 7.3, p.64]) and because FQ_LZ(]R2) = H~'(R?), we sce that

| [ ct-s9 o]

< .
promzagey ~ 10 2w (3.6)

The Minkowski inequality, (2.3), Holder’s inequality, and Young’s inequality imply

_9s 1 i 1
ITvvull 12y S O 275185V julame)? SO (Y 279w oo e 1850l 2 (2))?)?
JEZ JET i<j—1

1
S sup Ay (D2 185l o)) S Nellmaroellullaeo) (3.7)
¢ J

where in the last inequality, we used the fact that BMO(R?) ¢ BX™(R?) and BY*(R?) = L?(R?).
Applying (3.7) to (3.6) and using Holder’s inequality, we obtain

H/ (t=1A . (To,u)dr ’

Estimate (ii) is handled similarly i.e.

t
H /0 eIAY L (V) d’TH

L2(0.T:L2(R2)) S HUHLOO(O,T;BMO(RQ))HUHLQ(O,T;LQ(RQ))‘

L (0,T;F; 2(R2))

+H Vol

(u, VU)’

L1(0,T;L2(R?)) L2(0,T;Fy 2 (R2))

S lull 2012 @2 VUl 20,1 BMo®2)) + Ul L2072 ®2) |Vl Lo 0.1 BMO®R2)) - (3-8)



By combining the above arguments, we arrive at the estimates (i) and (ii). To prove estimate
(iii), we use the embedding F21 2(R2?) ¢ BMO(R?), Plancherel’s identity, and Young’s inequality to
obtain

IL(u)l oo 0,1:830®2)) S LW oo 0,750 22y S 1l 2207322 ®2)-

Furthermore, by the maximal regularity for the heat kernel and since le 2(R2) ¢ BMO(R?), we
see that

VL)l L20,r:Mmo®2)) S AL L20,7:2®2)) S lullL2o,r;2R2))-
This completes the proof. O

4. Proof of Ill-posedness

In this section, for the sake of simplicity, it suffices to show the ill-posedness of the Keller—Segel
model in FQ_I’T(’]I‘Q) (r > 2) since the ill-posedness result for the non-periodic case can be treated
using the methods for maximal functions introduced in [10, 11] to the cutoff function ug(x)p(x).
Here, ug is given by (4.5) below and ¢ satisfies suppd C {€ € R%; |¢] < 1/4},0 < ¢ < 1 and
Sz @ dE ~ 1.

4.1. Rewriting the Keller-Segel Model
Adopting the ideas from [5], we rewrite the two-dimensional Keller-Segel model by decomposing
it into its first approximation, second approximation and remainder terms as follows,

u=ui—us+y, v=uv+7v+ 2, (4.1)
where uy == e®ug, ug = B(uy,v1), v := ey, vy:= L(uy). (4.2)
Moreover, the remainder terms satisfy the integral equations,
y=Va+Vi+V, 2=L(y) - L(u), (4.3)
n (0,00) with the initial conditions (y(0), z(0)) = (0,0),
Vo =—-B(y,z), Vi =DB(us —ui,2)— B(y,v1 +v2), Vo= B(uz,v1 +v2) — B(ui,v2). (4.4)

4.2. Construction of Initial Data for the Keller—Segel Model
For a fixed small number § > 0 we define the initial data as follows:

uo(x Q Zkz cos(ksz2),

f
é(cos 2))

(4.5)

ﬁ

where the parameters satisfy:
(s+1)(s+2Mp)

o ko =2Mo, [ o—=92%%koks 1 =2z  withs=1,2,--- and My > 4.

According to the constructions of ug and vy, it is easy to check that

ety Q Zk: etk cos(kews), €ePug =



4.8. Qutline of the Proof

In order to effectively communicate the main ideas in the proof of Theorem 2.2, this subsection
outlines the main steps. Further details on the intermediate steps are given in the subsections
which follow hereafter.

Step 1: Fix a real number 6 > 0. Split us from (4.1) into three parts, ug = ugg + uz21 + u22,
where the first term uo ¢ exhibits norm inflation while u2 1 and u2 2 are controllable terms.

Step 2: With our careful choice of initial conditions and making appropriate choices for Q, p, ko,
and T', we establish the following estimates:

1
o [luzo(T)l[L2(r2) 2 Q2.
1
o [[u21(T) + uza(T) prr2(pey S Q2P
1_1
o [ur(D)l g2y S P20,

o (D) iy S (T2 +071) + QO (kg +073).
Step 3: (Norm Inflation) The estimates in Step 2 imply
(T gorr pey = 2o () ot oy = N (D) v gy = 2,1 (T) + u22(T) = y(T)|] o1
R Mluz,0(T) 22 (r2) = lua (D) g1 g2y = w21 (T) +w2,2(T) = y(T) 1272y
2 Juzo(D)ll 2y = 7 2Q = Q307" = (T3 +571) = Q¥+ (kg +p73)
2QE(1=p = QR - QTR 07 + QUG 7))
> Q2 21/6, (4.7)

provided that p%_%Q%, QQ3+5/2(I<70_1 + p_%) < 1. Hence, for sufficiently large p and ky and
T <K Q_% < 4, (4.7) holds thereby showing u exhibits norm inflation. This will complete the proof
of the ill-posedness result. Therefore, it remains to establish the estimates listed in step 2. These
estimates are provided in the subsequent lemmas below.

4.4. Estimates for ug, e®ug, vo and vy
Lemma 4.1. For any 2 <r < oo, we have

A 1_1
HUOHFQLT(W) + Het UOHF;LT(W) SprT2Q, (4.8)
_1
lvoll Bavrogr2) + e voll Baroerzy S Q2. (4.9)

Proof. From (4.5), (4.6), max{e‘tkg,e_t(l_ks)2} < 1 and Definition 2.1, it suffices to estimate wuq
and vg.

Estimates for ug: We prove this for the two endpoints r = 2 and r = oo then obtain the estimate
for all intermediate values of r by interpolation. For r = 2, by orthogonality and the fact that
F{LQ(’]IQ) = H~'(T?), we obtain

loll 522 p2) ~ \%H(Z (Cos(k‘sxz))Q)é

s=1

< Q. 4.1
o S € (410)




For r = 0o, Definition 2.1 implies

< @

L2(T2) \/f)’

~

Q
||u0||p2*11°°('ﬂ*2)
Nz

sup | cos(kszo ])
86{1,"', }

where in each dyadic annulus {¢ € R?; 327 < [¢| < %2j}, there exists at most one kg (s =1, --

Combining (4.10) and (4.11) and by interpolation, we have that
11
HUOHFQLT(W) < HUOH[F;L?(W),F;LN(W)]% Spr2Q for2<r < oo

Estimates for vg: From the construction of vy and the definition of BMO, we have

lvoll Brmo(T2) S HetAVUOHLz (0,003 (T2))
—t(1ks)
,/ H ;e " (1=ks) sin ((1 k )m)’ £2(0,00;L (T2))
([ i)’
~ A € s shi
PR\ Jo s=1 (=1
1 p e 2 i 1
< Z/ e MiR2qt)? < Q2
~ J ~ )
Ve <j_1 0 )

<

P

. _ 2412 o2

since E: Ej M ik <Y eIk,
j=11<i< j

J=1

Lemma 4.2. For any T > 0, we have

le"®uol 20722012y S @,
1
||€ UOHLoo(o T:BMO(T?)) S @2

Proof. To prove estimate (4.14), we have

Nl

VUOHL2 0,7:BMO(T?)) S @ 2.

le ol 20,7 2(v2)) = \[HZ R ke cos (ks ;UQ)‘

\[H Z —th?},

S Q-

L2(0,T;L2(T?))

s=1 /=1

p P 1
L2(0T (/ ZZ@ k3+k7) kkedt)2

(4.11)

. P)-

(4.12)

(4.13)

(4.14)
(4.15)
(4.16)

(4.17)



Next, we prove (4.15). By recalling the definition of the BMO(T?) space, we see that for any ¢ > 0,

A
||et U0||BM0(T2): ( sup / /
zo€T?2, T>OT lz—zo|<T

< \/'107@ (/Ooouze (o+t)(1-ks)? (1_k8)sm(xz—ksa:z)Hiw(Tz) dU)
s=1

e?3( Vemvo)‘ dadx)

N[

) 1
1 /OO . > 1
< e C(U+t)ksk do’ < Q 2, (418)
VpQ 0 (821 ’
Hence,

e w0l oo o, BM0(T2)) S Q2. (4.19)

At last, we prove the third estimate which follows similarly to the proof of (4.18) since
€2V voll 20 Broc2)) S €2 Vool 2. r,n(r2)) < Q2. (4.20)
This completes the proof of the lemma. O

4.5. Estimates for usp, u2,1, u22 and vy
From (4.2) and the construction of the initial data, we can rewrite the approximation terms as
follows: ug = Ug,0 + u2,1 + U292, with

S 14 t
Q2 ks(ke—1)(1+ks—ky)
U1 = 21)2;/ =) (LR k)T (2 (1)) cos((1+ks—kep)xz2) dr, (4.22)
Q> ks (ke—1)(1—ks —ky)
Uss — %ZZ/O e s cos{ (1= —k)aa) dr. (4.23)

The following estimates are concerned with the norm inflation terms.

Lemma 4.3. Suppose that sz2 =27274Mo « T <« 1, then we have
1
luz,o(T) | - 1m 2y ~ @ (4.24)
1 1
luz,0ll L2 0,ms2(r2)) S T2 Q%. (4.25)

Proof. By the definition of s, k1_2 < T <« 1 fort =T, we have that

M‘H

ug,0(T ie Tk~ (1ks)? ))Mcosm ~ Q% COS 2. (4.26)
2 k? +(1_ks)2

b

s=1

By noticing that the frequency of cos o, i.e. (0,1), is localized in {%2_1 <€ < %2_1} U {% <€l <
8}, (4.24) and (4.25) follow from (4.26) by direct computations. O

10



Lemma 4.4. With the definition of the initial data, the term ug 1 satisfies the bounds

1
Q2
luz 1l z2o,rsL2(w2)) + Nu2,all oo o 71 12 (m2)) S 5 (4.27)
1
Q2
luz,2ll 220,722 (w2)) + Nu2,2ll oo (0,71 12 (m2)) S e (4.28)
Proof. Tt suffices to prove (4.27). Note that for any s # ¢, |1 + ks — k¢| ~ ks + k¢. Thus,
3 P t 2 2,12
HU2,1 L2(0,T;L2(T?)) S 7 ZZ/O emtTnE) _CT(kSJrk[)(ks—i_ke)kskl dT‘ L2(0,T)
s=1 (+s ’
Q% £ ! t(kothe)?
<@ etk (kY |
p ;;/0 ( ) L2(0,T)
Q2 | k2, etk 2
< ST etk ST et g2, ’
1 p p 1
Q? ( ks—1 ki1 Q2
<& + ) < 4.29
S )R o
Moreover,
< Q% g ! —c(t—7)(k +k5)2—CT(k2+k2)k L d
. — S S e
||u271||L°°(07T;F2 PT) T, ;#5/0 € s THLOO(O,T)
< Q% P _ctkztk I - _Ctk2tk k
—- El 14
S ;e s s—1+;e 1 zfluLoo(o,T)
1 p p 1
Q2 ( ks—1 ki1 Q2
< &2 n ) <X 4.30

vl
I
-
Y
Il
—

Estimate (4.27) follows from (4.29) and (4.30), and (4.28) follows from similar arguments. Thus,
this completes the proof of the lemma. O

Lemma 4.5. The linear term v satisfies the estimate,

1
T3Q
vl Lo (0,7;Bar0(T2)) + (V02 L2007, BMO(T2)) S : (4.31)
Nz
Proof. From (4.2) and construction of the initial data, we get
t Q P 5
ve = L(uy) = / t=TATA Y dr = 2 Ze_tkstkts cos(ksza),
0 \/ﬁ s=1
(4.32)

Vvy = L(Vup) = — etk (0, tk3)T sin(kszo).

Sle
1=

s=1

11



Recalling that L>(T?) € BMO(T?), we have

vl oo (0,1 BMO(T2)) S V2l Loe (0,7 150 (12)) 7

1
< @ 5@
V2|20, Bm0(r2)) S VU220, 1000 (12)) S — = Z “R 2, 200,7) S

Therefore, we finish the proof. O

4.6. Estimates on the Remainder Terms y and z

As described earlier, we need to estimate the remainder terms especially the term y and show
they remain relatively small, but as illustrated below, this requires a more delicate estimate on the
term uq than what was achieved in the earlier subsection. In order to do so, we must control the
terms in smaller time scales then sum their contributions to obtain the desired estimate on the
global time scale. As before, this technical procedure was was developed in [5]. Let k;Q =Ty <
T <Ty<... <T5:k0_2 where 8 = Q3, T, =k, 2 pa=p—aQ 3p, and a=0,1,2,...,5.

Pa

tByy. Then for any o € {0,1,---, @3}, we have
< Q

L2(To,Tat1;L2(T2) ™ /P

Lemma 4.6. Let u; =€

A
Hu1||L2(Ta,Ta+1;L2(T2)) - Het

(1 + ﬁ@‘3> . (4.33)

UO‘
Particularly, from To =k, 2 we have
S

w1l 20,702 (T2)) and  |villz20m:22(2)) S —== (4.34)

Sle
ﬁ

Proof. 1t suffices to prove (4.33). By Plancherel’s identity and by the construction of the initial
datum wug, we get

Q £ 2 —2tk? 3
e auo| 22y ~ 7( k2e ) = 1. (4.35)
() VP 52—31 ’
It suffices to estimate

() ) < Q(pf+ RIS QT“kz—e_gTa“kg))

s=1  s=pat1tl s=patl

Q V1+pQ~ 3+1<\% 1++/pQ73

Thus we finish the proof. O

N

%

% \

Recall that the definition of the remainder terms as found in equations (4.3). A key step in our
norm inflation argument relies on controlling y and verifying it remains small.

Lemma 4.7. For a € {0,1,2,--- 8}, T >Ts =ky %, Ts < Q2 and p > Q°

).

N|=

(D)l 2oz S (TH+p7) + Q2+ (kg + 57

12



Proof. With the help of the previous lemmas including the continuity of the linear and bilinear
operators as given in Lemma 3.3, we establish some important bounds on the terms from (4.3).

| B(ug,v1 + v2)llL2(0,10 4 1:L2(T2))

S Nuall L2 (0,74 1;2(T2)) (Hv1 + V2| Loo (0,704 1:BMO(T2)) T+ [V V1 + VU2HL2(0,TQ+1;BMO(’]I‘2)))

1 1 1 1 1 1 1
= -1 = —= —= -1 .
Sl @t +12,00 || @ +12,Q00 | SO0 +T8);
SN—— — S~~~ ——
Lemma 4.4 Temma 4.3 Lemma 4.2 Lemma 4.5

| B(u1,v2) (| £2(0,T041:L2(T2))

S luall 20,7402 (T2)) (HUQ”LOO(O,Ta+1;BMO(T2)) + HVU?HL?(O,TQH;BMO(W)))

L _1
= Q T;+1QP 2
—~ 2

Lemma 4.2 Temma 4.5

N

1
TBQ;
| B(u2 — u1, Z)||L2(0,Ta+1;L2(T2))
S llue — ulHLQ(O,Ta;LQ(’]I‘Q)) <||Z||L°o(o,Ta;BMO(T2)) + HVZHLQ(O,TQ;BMO(’]TQ)))

+ [luz — u1HL2(Ta,Ta+1;L2(T2)) (HZHLoo(Ta,TaH;BMO(T?)) + ”VZHLQ(TQ,TaJrl;BMO(’]I‘Q)))

L1 1
S T2Q2+Q2p7 + Q| (II2ll (o BMoy) + IV2 Il 20,10 BMOT2)))
Lemmas 414.3 and 4.4

1

L 1 1 _1
+ | T @2 +Q2p '+ Q2 (HZHLOO(O,TQH;BMO(’]TQ)) + Hvz||L2(0,Ta+1;BMO('JI‘2)))

Lemmas 4.2 and 4.4, Lemma 4.6

S Q(H'ZHL"O(O,TQ;BMO(T?)) + ||VZ”L2(0,TQ;BMO(T2)))
_1
+Q2 (HZHLOO(O,TQ+1;BMO(T2)) + Hvz“LQ(O,Ta+1;BMO(’]1‘2))>;
| B(y,v1 +v2)[| 12(0,70 4 1:L2(T2))

Syl 20,70 40:02(T2)) (Hv1 + 2|l oo (0,704 1;BMO(T2)) T [[ VU1 + VU2”L2(0,TQ+1;BMO(’]T2))>

[

_1 L _1 _1
Syllzo 22y | @72 +T21Qp 2 | S Q2 |[Yll2(0,7 1:02(T2));

Lemma 4.2 Lemma 4.5
1B, 2) || 2(0,T0 1 1:22(T2))

S Hy‘|L2(O,Ta+1;L2(’H‘2)) (HZHLOO(O,TQJFI;BMO(’]I‘Q)) + Hvz"LQ(O,Ta+1;BMO(’H‘2)));

13



12l oo (0,70 15:8M0(T2)) + IV 2l L2(0,70 41 BMO(T2))

1 1 1
S Ylle20, 10000202y + lullLoo,ns ;2 (r2)) S Nll20,10ss22(r2)) + T @2 + Q2p !

Lemmas 4.3 and 4.4
1

1,2 _
Sl 22070 r2(2y) + Q2 (T3 +p h).
For a suitable choice of ¢ < 1 and for any a € {0,1,---, 3}, we set
Aot = Wl 220,10 1522(12)) T+ Cll2ll Lo (0,100 1;BM0O(T2)) + €IV 2l 220070 1:BMO(T2))
and combine the above estimates to obtain
1/ 1 _
Aair S QF T2y +07") + QU220 1smrom) + V2l 20 2530072y )
_1
+Q 2 (Hz||L°°(O7Ta+1;BMO(T2)) + ||VZ||L2(0,Ta+1;BMO(']I‘2)))

_1
+(Q72 + )yl L2070 11:12(72))

+ HyHLQ(O,Ta+1;L2(T2)) (HZHLOO(O,TQH;BMO(T?)) + HVZHL2(0,Ta+1;BMO(T2)))- (4.36)
This implies that
1
Aot S(TF +p7 1) + QA0 + ALy (4.37)
Therefore, (4.34), (4.37) and an iteration argument imply
1
Ao SQrE, Ay QP (TR +p78),
and hence,
3 _ _1
Y[l 20,1522 (72)) + €llzll oo (0,75 B010(w2)) + €l V2 L2070 BMO(T2)) S QY (ko "+p 2)- (4.38)
If we iterate (4.37) and (4.38), we have that for T > T = kg 2,

1Yl 20,m;2(12)) + cllzlloe 0,7 BMO(T2)) + €IV 2] L2 (0,7 BMO(T2))
SQHTH+ 07 ) 4 QA 5 (T4 p71) + Q¥+ (kg! +78), (4.39)
This completes the proof of this Lemma. O

Combining the bilinear estimates for B(u,v), the linear estimates for L(u), and (4.39), we prove
that

1 _ 3 _ _1
I (D)l jr2gay S (T3 +571) + QL3 (k51 +p72). (4.40)

This completes the steps required in proving Theorem 2.2.
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